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ABSTRACT 

Some formulas relating different classical sums of reciprocal powers are 

derived. These relations can be writ ten in a very compact way by means 

of certain numbers  which include Catalan 's  constant  and satisfy simple 

summat ion  formulas. 

1. I n t r o d u c t i o n  

The subject of this paper is the study of the classical numbers 

OO 
1 

( n > 2 ) ,  L ( n ) = ~  ( -1)v  ( n >  1). A(n) Y: "--" (2p + 1) n - (2 .  + 1) n 
v=O v=0 

As it is well-known, the numbers A(2n) and L(2n + 1) can be evaluated in closed 

form as follows [1, Ch. 23]: 

(2 2n - 1)Tr2nB2 n _ (2 2n - 1)rr 2n 
A(2n) ( -1 )  n+l 

2(2n)! 2(2n)! IBenl (n > 1) 

where Bo = 1, B1 = - 1 / 2 ,  B2 = 1/6, B4 = - 1 / 3 0 , . . .  are the Bernoulli numbers 

and 
(rr/2) 2n+l (rr/2) 2n+1 

L ( 2 n +  1) = ( -1 )  n 2(2n)! E 2 , -  2(2n)! IE2"I (n > 0) 

where Eo = 1, E2 = -1 ,  E4 = 5, E6 = - 6 1 , . . .  are the Euler numbers. 
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For k > 2 define 

( 2 )  k-1 ~ L(2j+I)~/,~a =~(Tr/2)k+2J(k+2j)] 
(1.1) C ( k ) =  E (2j _~_.:-(5-~ + k) IE2jl. 

j=o j=0 

It will be shown below that these numbers can be alternatively expressed as 

1 f~12 tk-1 
(1.2) C(k) - 2(k-  1)! ¢0 sin----tdt 

and include Catalan's constant G = L(2) = 0.91596... for k = 2. Besides being 
interesting by themselves, these "Catalan's constants" C(k) have the property 
of relating the values A(2n + 1) and L(2n) to the elementary values A(2n) and 
L(2n + 1) as, for example, in 

n--1 4 n--1 

(1.3) E ( - 1 )  j (~/2)2J+lL(2n - 2j) = - E(-1)JC(2j  + 2)A(2n - 2j). 
j=o (2j + 1)! 7r j=0 

This and other formulas expressing the numbers C(k) by means of the numbers 
A(n) and L(n) and, conversely, A(n) and L(n) via C(k) (see Proposition 2.2 and 
2.4, respectively) will be proved in the next section. In the last section, some 
summation formulas for the numbers C(k) are derived. 

2. Statements  and proofs 

Define the generating functions A(x) and £(x) by 

OC) 

A(x) -- E A(n)x'-l' 
n = 2  

O0 

f~(x) = E L(n)xn-1 
n = l  

(since l im~_~ A(n) = l imn-,~ L(n) = 1, these formal power series converge only 
for [x] < 1) and denote by A+(x) and A_(x) the even and odd parts, respectively, 
of A(x), and similarly for ~:±(x). Then [1, 4.3.67/69] 

and 

(~r_~) 4 ~-~L(2n+ l)xan 4£+(x ) ( ).2.2 sec = - = 
71" 7r 

n=O 

if Ix[ < 1. 
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Substituting the definitions of A(n) and L(n) into the corresponding generating 
functions, we find 

1 1 , £ ( x )=  ( -1)"  
A(x) = 2.  + 1 - x 2u + 1 2 v ~ - l - -  x" 

p=O u=O 

PROPOSITION 2.1: The integral representation (1.2) holds. 

Proof" Substitute 

1 
(2j + 1 ) . . . ( 2 j  + k) 

in (1.1) to obtain 

(2j)! _ B ( k , 2 j + l )  
- ( 2 j  + k ) !  ( k  - 1) !  

_ 1 f l  tk- l (  1 _ t) 2jdt 
(k 1)! Jo 

j=O 

1 

(k 1)! 

= 5  (k -1)!  tk-1 sec dt 

1]£1(Tr t /2 )k - ld~__t  - l f ' / 2 t  k-1 
- 2 ( k  - 1)! sin -~ 2 2 ( k -  1)! Jo sin----t' dt 

where (2.2) has been used. II 

Since (2/~r)t < sint _< t for 0 < t < ~r/2, we get from (1.2) the bounds 

(~/2)k-1 < C(k) < (~/2)k 
(2.3) 2 ( k -  1 ) ( k -  1)! - 2 ( k -  1 ) ( k -  1)!" 

Thus, l i m k ~  C(k) = O. 

PROPOSITION 2.2: The numbers C(k) (k 
L(2n) and A(2n + 1) by the formula 

> 2) can be evaluated in terms of 

L~/2J (~/2)k_2j { 0 (k even ), 
(2.4) C(k) = E ( -1)J-1 - ~ 2 - ~ . v  L(2j) + (_l)(k_l)/2A(k) (k odd).  

j = l  
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Proof" The imaginary part of the geometric series ~.~.=oV'~ ei't = (1 - eit) -1 = 
~+1 ½/cot~ (O<t<2~r)  reads~-~=lSlnut=¢~ " ½cot~,hence 

O0 O0 

sin(2u + 1)t = ~ sin t~t- ~ sin 2ut 
~=0 ~-=1 v = l  

and 

E q .  

t ) 1 1 
1 cot ~ 2 sin t =~  - c o t t  - 

1 f.12 tk-1 
C(k) - 2 ( k -  1)! J0 s-~ntdt 

1 °0 r~12 
- - ( k -  1)! ~=0]0 t k - l s i n (2u+l )  tdt" 

(2.4) follows now from the formula 

1 f~12 - t k-1 sin(2v + 1)tdt 
(k 1)! ~o 

Lk/2l (n/2)k_2~ (_1) . 
= E (-1)J-1 (-k-- 23~.~ (2u + 1)2J 

j = l  

0 (k even ) 
+ (_l)(k-W2 1 (k odd ) (2r,+l) k 

which can be easily proved by integration by parts and induction. | 

In particular, setting k = 2 in (1.2), (1.1) and (2.4), we have 

1 t L(2j + 1) 
-2 Jo s~ntdt = C(2) = 2- "---' (2j + 1)(2j + 2) L(2). 

j=0  

(This integral representation of G appears, for ex., in [3, 3.747(2)].) More gen- 
erally, each C(k) embodies, due to its definition (1.1) and to formula (2.4), a 
relation among all elementary values L(2n + 1) and the values L(2), L(4),.. . ,  
L(2k), supplemented with ,~(k) if k is odd, namely, 

c~ k 
n(2j + 1) = ~-'(-1~ j-1 (2/Tr)2j-1L(2j), 

j=O 

L(2j + 1) k (2hr)2J_ 1 
E (22 + 1 ) : : ~  + 2k + 1) = E ( - 1 ) J - l ( 2 k -  2j + 1)! L(2j) 
/ = 0  j = l  

for k_> 1. 
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Remark 2.1: 

RELATIONS AMONG SUMS OF RECIPROCAL POWERS 

Eq. (1.2) is formally analogous to [2, p. 35] 

1 £oo t s-I  
L ( s ) -  2F(s) ]0 cosh------~dt (7~(s) > 1), 
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(2.5) C(x) = ~ J0 sint (n - 1)~ - 2 ~-m--/ dt. 
n = 2  d O  

Furthermore, let C+(x) and C_(x) be the even and odd parts of C(x), i.e., 

oo oo 

C+(x) = ~ C(2n + 1)(ix) 2'~ = ~ ( - 1 ) ~ C ( 2 n  + 1)x 2'~, 
n = l  n=l 

oo oo 

C_ (x) = Z C(2n)(ix)2'~-I = i ~-'~(-1)r~+'C(2n)x2"-a. 
n----1 n = l  

Therefore, i fx  is meant to be real, C+(x) and 1C_(x) are the real and imaginary 
part, respectively, of C(x). 

Remark 2.2: Owing to the bounds (2.3), tile power series defining C(x) converges 
for all x E C. 

PROPOSITION 2.3: The following relations hold: 

Then 

Define next the generating function 

(DO 

C(x) = Z C(n)(ix)'~-l" 
7n,=2 

(2.6) 

so that 

C+(x) --- A+(x) - sin --~ /:_(x), C_(x) = / c o s  £~_(x) 

c(x) = A+(x) + iei */2L(x). 

where L(s) is the analytic continuation of y ~ _ 0 ( - 1 ) 8 / ( 2 u +  1) 8, R(s) > 1, to the 
complex plane. The equality L(2) = C(2) can be directly checked by integrating 
the complex function f (z)  = z~ cosh z along the (positively oriented) rectangular 
path with vertices (0, 0), (R, 0) (R, lr) and (0, 7r) (surrounding the pole at (0, ~r/2)) 
and letting R -~ c~. 
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Proof: 

and 

Indeed, 

( 7 )  ~ ( 7 r 1 2 , 2 n _  1 oo 
sin / : _ ( x ) = E ( _ l ) n + l  / / x2,-l~- 'L(2n)x2n-1 

n----I n : l  

= (-1) n-j  ' " ' - ' - - - - - L ( 2 j )  x 2n 
~=1 - j = l  (2n + 1 - 2j)! 

= E ( - 1 )  n ~, ' (-1~ j ' " /" '  L tj) x 2n 
z...,, ' ( 2 n + l - 2 j ) !  

n = l  j = l  

oo 2n oo ( )  ('/'> ~,° lrx £_(x) = E ( - 1 ) "  ~ E L ( 2 n ) x 2 " - '  COS 

n = 0  n = l  

~(n._.n__ (Tr/2,2n_2j \ 
= ~ ' (  l~n-J~ ] ] L(2j~|x2n-1 ~ , -  , ~ - ~ .  , ,] 

n = l  j = l  

= E ( - 1 )  n+l ( -1)-J  -1 (7r/2) 2n-2j L ( 2 j ~ x 2 , - i  
._-1  ( 2 - ; : - 2 7 ,  ' ' ]  " 

The statement follows from (2.4). | 

The following Proposition is a kind of converse of Proposition 2.2. 

PROPOSITION 2.4: The numbers L(2n) and A(2n + 1) can be expressed in terms 
of the C(k) and the elementary values L(2n + 1) and A(2n) by 

n 
L(2n) 4 E ( _ I ) J _ I L ( 2  n -  2j + 1)C(2j), 

--71" 
j--=l 

n 

A(2n + 1) 4 E ( _ I ) J _ I A ( 2  n -  2j + 2)C(2j) + (-1)nC(2n + 1). 
--71" 

j----1 

Proof'. From (2.6) it follows that 

/ :-(x) 1 ( 7 )  = - s e e  C _ ( x )  
i 

and 

where 

(~x) ~-(x>=c~(x>÷ 1 (7)  A+ (x) = C+ (x) + sin --~ ~- tan C- (x) 

oo 
~c ( ~ )  ~_lxl =;4 E ~(~ + llx'o E ~(~ll~l ~n-~ 

n=O n-=l 

4 ~ n 1)C(2j))x2n_ 1 =i-~ ~ l  ( E ( - 1 ) J - l L ( 2 n -  2j + 
= j= l  



Vol. 124, 2001 

and 
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o o  o o  

tan ( ~ ) C _ ( x ) : _ 4  ~ )~(27~,)x2n_l ~--~ C(2n)(ix)2n_ 1 
7l" n = l  n = l  

) = ~  ( -1)J - lA(2n  - 2j + 2)C(2j) x 2n 
n = l  " j = l  

if [xl < 1. | 

Remark 2.3: Eq. 

written explicitly. 

(1.3) is nothing else but the formula 

( 2 )  1 ( 2 )  sin /2_ (x) = - tan C_ (x) 
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3. S u m m a t i o n  fo rmulas  for t h e  C(k) 's  

A first (integral) summation formula follows trivially from the very definition of 
the generating function C(x) and Eq. (2.5), namely, 

oc 1 f 12 e t  _ 1 
C(,~) = C(1/i) = ~ Jo J n i  dt. 

n = 2  

Also from (2.5) we have 

C(x + 1) - C(x - 1) =i r['~/2 eiXtdt l(ei~X/2 1) 
= ' r  x - -  

J 0  

1 (  ~rx ) 1 7rx 
= -  cos - 1  + i - s i n - -  

z Y x 2 

so that, for x c 1t~, the equations 

(3.1) 
71"X 

C+(x + 1 ) -  C + ( x - 1 ) - - 1  (cos -~-- 1), 

• 1 . 7rx 
C_(x+ 1) - C _ ( x -  1) - - ~ - s m - -  

x 2 

hold. From these formulas, some others can be derived in a variety of ways. 

PROPOSITION 3.1: The following summation formulas hold: 
(1) 

O(3 OG 

E(-1)k+122kC(2k + 1) = 1 = Z(-1)k+122k-lC(2k) .  
k=l k=l 



184 

(2) Forn=O,  1,2, . . .  

(3) 

Proof: 

J. M. A M I G O  Isr. J. Math .  

( ) (Tr/2)n+l 
E ( _ l ) k + l  n + 2 k - 1  C ( n + 2 k ) -  2 ( n + l ) ! "  
k = l  n 

oo oo 7r 2 

E ( -1 )k+ lC(2k )  = 4'  E ( - 1 ) k + l k C ( 2 k  + 1 ) =  ~-~. 
k = l  k = l  

(1) Set x = 1 in (3.1) to obtain 

c + ( 2 )  = - 1 ,  c _ ( 2 )  = i. 

0(3 

(2) In fact, 

C+(x + 1) - C+(x - 1) = E ( - 1 ) k C ( 2 k  + 1)((x + 1) 2k - (x - 1) 2k) 
k = l  

- - 2 E ( - 1 ) k C ( 2 k  ÷ 1) E 2j + 1 x2'+l 
k=l j=0 

=2 E E ( - - 1 ) J + k ( 2 j .  + ? ' ~ C ( 2 j + l + 2 k )  x 2j+1 
j = 0  k = l  \ Z J  t I ] 

and, analogously, 

C _ ( x + I ) - C _ ( z - 1 ) = 2 i E  E ( - 1 ) J + k + l ( 2 j + 2 k - 1  C(2j+2k)  x 2j. 
j=o k=l \ 2j 

Comparison with (3.1) yields the result for n = 2j + 1 and n = 2j, respectively. 
(3) Set n = 0 and n -- 1 in the formula of (2). II 

Of course, all these summation formulas can be also checked using the integral 
representation (1.2). 
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